Abstract In this paper, we study the multiplicity and concentration of the positive solutions to the following critical Kirchhoff type problem:
Introduction
This paper is concerned with the existence and concentration of multiple positive solutions to the following critical Kirchhoff type equation:
where ε is a small positive parameter, a, b are positive constants, V and f are continuous functions satisfying some additional assumptions.
The Kirchhoff equation occurs in various branches of mathematical physics. For example, it can be used to model suspension bridges (see [1] ). In particular, the following problem proposed by Kirchhoff [21] . Because of the presence of the nonlocal term Ω |∇u| 2 dx ∆u, Eq. (1.2) is not a pointwise identity, which causes additional mathematical difficulties. For example, it is more difficult to check the geometric structure of the functional associated with the equation and the boundedness, convergence of the Palais-Smale sequence if we seek solutions using variational methods. Moreover, we cannot derive from u n ⇀ u weakly in H 1 (R N ), which is crucial when we consider the convergence of the Palais-Smale sequence.
When b = 0, problem (1.1) reduces to the singularly perturbed problem − ε 2 ∆u + V (x)u = g(u) in R N .
(1.6)
Many authors are concerned with problem (1.6) for ε > 0 small since solutions of (1.6) are known as semiclassical states, which can be used to describe the transition from quantum to classical mechanics. Let us recall some results. In [16, 29, 30] , the Lyapunov-Schmidt reduction is used to construct single and multiple spike solutions. However, the Lyapunov-Schmidt reduction is based on the uniqueness or non-degeneracy of ground state solutions of the corresponding limiting equation. To overcome this difficulty, Rabinowitz [31] firstly used the variational approach to obtain the existence of solutions of (1.6) for ε > 0 small under the assumption lim inf
In [34] , the concentration of solutions was also proved. By introducing a penalization approach, a localized version of the result in [31, 34] was proved by del Pino-Felmer [10] . Subsequently, Jeanjean-Tanaka [20] extended [10] 's work to a more general form. For other results on the singularly perturbed problem, see [3, 4, 6, 11, 12, 13, 22] and the references therein.
When b = 0, He-Zou [17] firstly studied the Kirchhoff type problem − ε 2 a + εb
where V is a positive continuous function and f is a subcritical term. By using the Ljusternik-Schnirelmann theory and relating the number of solutions with the topology of the set where V attains its minimum, they proved the multiplicity and concentration behavior of positive solutions under the assumption (1.7). For the critical case, Wang et al. [33] considered the problem − ε 2 a + εb 8) where V (x) admits at least one minimum. For ε > 0 small enough and λ > 0 sufficiently large, they obtained the existence, concentration and some further properties of the positive ground state solution to Eq. (1.8). They also extended the results of [17] to the critical case. We emphasize that, in [33] , the assumption (1.7) is required and plays an indispensable role for the arguments of [33] . Moreover, in order to deal with the critical term, the parameter λ is required to be large. When V (x) is a locally Hölder continuous function satisfying inf x∈R 3 V (x) > 0 and inf ∧ V < min ∂∧ V for some open bounded set ∧ ∈ R 3 , He et al. [18] got a solution of Eq. (1.8) concentrating around a local minimum point of V in ∧. With the Ljusternik-Schnirelmann theory, they also got multiple solutions by employing the topology of the set where V attains its local minimum. Later, the main results in [18] was extended by [19] for the case f (u) = |u| p−2 u (2 < p ≤ 4) in Eq. (1.8). For other related results, the readers may see [14, 15, 26] and the references therein.
Motivated by the above results, in this paper, we will study the multiplicity and concentration behavior of positive solutions to the critical problem (1.1). Our results are different from the results mentioned above. Before stating the main result, we introduce the following hypotheses:
u 3 is increasing for u > 0 and lim u→+∞ f (u)
Remark 1.1. The novelties of Theorem 1.1 are twofold: The Rabinowitz type assumption (1.7) is removed; the multiplicity and asymptotic behavior of the solutions is obtained.
Remark 1.2. Some ideas of the current paper is inspired by [7] , where CaoNoussair studied the subcritical problem
where 2 < p < 2 * . They obtained the existence of both positive and nodal solutions to (1.9) which is affected by the shape of the graph of Q(x). Subsequently, the idea of [7] is applied in [26] to deal with the singularly perturbed critical Schrödinger-Poisson equation. We note that in [26] , the strict inequality (1.7) is used to estimate the energy level, which is crucial for the proof of the relative compactness of the Palais-Smale sequence. Unfortunately, such a method does not work for problem (1.1) since (1.7) does not hold. Compared with the works in [7, 26] , another major difficulty in dealing with (1.1) lies in the presence of the nonlocal term R 3 |∇u| 2 dx ∆u. Since (1.4)-(1.5) do not hold in general, it is difficult to prove the compactness of the Palais-Smale sequence. Thus, we need a deeper understanding of the obstructions to the compactness. By developing some techniques, we can estimate the Palais-Smale sequence carefully and solve the problem.
Before closing this section, we say a few words on the equation (1.1) with ε = 1. It becomes
and receives much attention in recent years. When f (x, u) = f (u) and V (x) is radially symmetric, the working space
, the authors of [24] recovered the compactness and proved the existence of solutions. When Eq. (1.10) is non-radial, the existence of solutions was obtained in [32] . In particular, in [2] , Alves-Figueiredo considered the periodic Kirchhoff equation with critical growth and proved the existence of positive solutions. The authors of [23] got the existence of a positive ground state solution to Eq. (1.10) by using a monotonicity trick and a new version of global compactness lemma. Recently, the result of [23] studying Eq. (1.10) was extended to the critical case by [25] .
The outline of this paper is as follows: in Section 2, we establish some key lemmas; in Section 3, we prove the existence of multiple solutions of (1.1); the Section 4 is devoted to prove the concentration of solutions of (1.1).
Notations:
• H = H 1 (R 3 ) denotes the Hilbert space equipped with the norm u
denotes the Sobolev space equipped with the norm u 2 D 1,2 = R 3 |∇u| 2 dx;
denotes the best Sobolev constant;
• C denotes a positive constant (possibly different).
Preliminary Lemmas
We assume f (u) = 0 for u ≤ 0. Note that lim inf |x|→∞ V (x) ≥ inf x∈R 3 V (x). When lim inf |x|→∞ V (x) = +∞, Theorem 1.1 can be proved easier because the embedding
is compact. Thus, we only consider the case lim inf |x|→∞ V (x) < +∞. Denote
Make the change of variable εz = x, we can rewrite (1.1) as
For any fixed ε > 0, let H ε = u ∈ H : R 3 V (εx)|u| 2 dx < ∞ be the Hilbert space with the inner product (u, v) ε = R 3 a∇u∇v + V (εx)uvdx . Then the
The functional associated with (2.1) is
where u ∈ H ε . Moreover, for any v ∈ H ε ,
Clearly, the functional I ε : H ε → R is of class C 1 and critical points of I ε are weak solutions of (2.1). Let 
3)
The functional associated with (2.3) is
Recall that S is attained by the functions , where ε > 0. Let
, where ψ ∈ C ∞ 0 (B 2r (0)) such that ψ(x) = 1 on B r (0) and 0 ≤ ψ(x) ≤ 1. From [35] , we have the following results.
Lemma 2.1. For ε > 0 small, there holds 
( R 3 |uε| 6 dx) 1 3 and
. By Lemma 2.1, we get
By Lemma 2.1, there exists ε 0 > 0 such that for ε ∈ (0, ε 0 ),
Then by
6 R 3 |u ε | 6 dx, we can choose a small t 1 > 0 and a large t 2 > 0 such that sup
where η 0 > 0 is a constant. Combining (2.5)-(2.6), we derive for ε > 0 small,
By choosing l large enough, we get sup
By the argument of Proposition 2.6 in [18] and Lemma 2.2, we know problem (2.3) admits a positive ground state solution
, we can get the following equivalent characterization of c d
Set the Pohozaev manifold
where
Then by the proof of Theorem 1.3 in [25] , we have c d = inf u∈P I d (u). Since the proof is standard, we omit it here. So
Similarly, we also have m r,d = inf u∈Pr I d (u), where
We claimt ≤ 1. Otherwise, we havet > 1. Then by (2.7)-(2.8),
On the other hand, we have
Proof. For simplicity, we only proof m ε ≥ m V0 . By the definition of m ε , for any δ > 0, there exists
a contradiction. So t δ ≤ 1, from which we get
Thus,
Then by u n ⇀ u = 0 weakly in H, we getĨ
Then by Fatou's Lemma,
Since u n ⇀ u = 0 weakly in H, we have A ≥ R 3 |∇u| 2 dx. By (f 2 ), we know there exists a unique t > 0 such that tu ∈ M d , that is,
Similar to the argument of (2.9), we have t ≤ 1. By tu ∈ M d and t ≤ 1,
Now we introduce the barycenter function, which is crucial for proving multiplicity of solutions of (2.1). Consider the map Φ :
where |B 1 (x)| is the Lebesgue measure of B 1 (x). Set
Then we define the barycenter β : [5, 8] , we know the map β is continuous in H \ {0} and satisfies the following properties.
3 Multiplicity of solutions of (1.1)
In this section, we study multiplicity of solutions of (1.1). Since (1.1) is equivalent to (2.1), we consider (2.1) instead. 
Then by (f 2 ), we know g ε (t) admits a unique critical point t 
Similarly, we have
By the Lebesgue dominated convergence theorem and V (x i ) = V 0 , we also have
that is, t i u r,V0 ∈ M V0 . Note that u r,V0 ∈ M V0 and there exists a unique t > 0 satisfying tu r,V0 ∈ M V0 . Then t i = 1. Combining (3.1)-(3.3) and t i ε → 1,
So for any δ ∈ (0, m V0 ), there exists ε δ > 0 such that γ i ε < m V0 + δ for ε ∈ (0, ε δ ).
Proof. Fix i = 1, 2, . . . k. Assume by contradiction that there exists a sequence {ε n } such that ε n → 0 and γ i εn →c ≤ m V0 . Then there exists {u n } ⊂ ∂N i εn
By (f 2 ), there exists t n > 0 such that t n u n ∈ M V0 , that is,
Similar to the argument of (2.9), we have t n ≤ 1. Then
from which we get t n → 1 and
Moreover, setū n = t n u n , we get
. By the Ekeland's variational principle, there exist
from which we get lim n→∞ (G
By (3.8), we can derive v n V0 is bounded. Assume lim n→∞ R 3 |∇v n | 2 dx exist. By the Lions Lemma, we know R 3 |v n | t dx → 0 for any t ∈ (2, 6), or there exists y n ∈ R 3 such that v n (. + y n ) ⇀ w = 0 weakly in H. If R 3 |v n | t dx → 0 for any t ∈ (2, 6), by (f 1 ), we have R 3 F (v n )dx → 0 and R 3 f (v n )v n dx → 0. Then by (3.8), we derive
If lim n→∞ R 3 |∇v n | 2 dx = 0, by the Sobolev embedding theorem, we have lim n→∞ R 3 |v n | 6 dx = 0. Then by (3.9), we get v n V0 → 0, a contradiction with m V0 > 0. So lim n→∞ R 3 |∇v n | 2 dx > 0. By the second inequality in (3.10) and
. Then by the first inequality in (3.10), we have m V0 ≥ĉ, a contradiction with m V0 <ĉ. Hereĉ is defined in Lemma 2.2. Thus, we derive v n (. + y n ) ⇀ w = 0 weakly in H. Together with (3.8), we have
By v n (. + y n ) ⇀ w weakly in H and Lemma 2.5, we haveĨ ′ V0 (w) = 0 and
By Fatou's Lemma,
So v n (. + y n ) → w in H. By the continuity of β and Lemma 2.6, we have
. By t n → 1 and (3.5),
Recall that v n −ū n V0 → 0 and v n (. + y n ) → w in H. Then we have
We also haveū n (. + y n ) → w in H. Then by Fatou's Lemma,
Following the idea of [28] , we get the following result. (ii) (s
By the implicit function theorem at the point (0, 1), we obtain that there exist a positive constant σ and a differential function s(w) > 0 with w ∈ H ε and w ε < σ, satisfying s(w)(u + w) ∈ M ε for w ε < σ. Since u ∈ N 
By Lemma 3.3, there exist σ n ↓ 0 and s n (w) satisfying
where θ n ∈ (0, 1). Dividing by t and let t → 0, we derive
From Lemmas 3.1-3.2, we know there existsε > 0 such that for ε ∈ (0,ε),
By Lemmas 2.4 and 3.1, we have γ i ε → m V0 as ε → 0. Together with Lemma 2.2, we derive there existsε ∈ (0,ε) such that
Then {u n } converges strongly in H ε up to a subsequence for ε ∈ (0,ε).
Proof. Obviously, we have u n ε is bounded. Assume u n ⇀ u weakly in H ε . We claim u = 0. Otherwise, we have u n ⇀ 0 weakly in H ε . By the definition of V ∞ , for any δ > 0, there exists
Then by u n ∈ M ε , we get
By (f 2 ), there exists t n > 0 such that t n u n ∈ M V∞ , that is,
By u n ∈ M ε and (f 1 ), we derive for η = V0 2 , there exists
If lim n→∞ R 3 |u n | 6 dx = 0, then u n 2 ε → 0, a contradiction with γ i ε > 0. So lim n→∞ R 3 |u n | 6 dx > 0. Together with (3.13), we derive t n is bounded. Assume t n → t 0 . We claim t 0 ≤ 1. If t 0 > 1, without loss of generality, we may assume t n > 1 for any n ∈ N . So R 3 f (t n u n )(t n u n )dx > t 4 n R 3 f (u n )u n dx. Together with (3.13), we have
(3.14)
Combining (3.12), (3.14), t 0 > 1 and lim n→∞ R 3 |u n | 6 dx > 0,
a contradiction. By u n ∈ M ε , t n u n ∈ M V∞ with t n → t 0 ≤ 1 and (3.11),
Moreover, by u n ⇀ 0 weakly in H ε and t n → t 0 ≤ 1, we get t n u n ⇀ 0 weakly in H ε . Similar to the argument of (3.6) and (3.8), we can derive from (3.15) that there exists {ǔ n } ⊂ H satisfying ǔ n − t n u n V∞ = o n (1),
Since the embedding H ε ֒→ H is continuous, we have t n u n ⇀ 0 weakly in H. Then by ǔ n − t n u n V∞ = o n (1), we getǔ n ⇀ 0 weakly in H. By (3.15) and (f 1 ), for η = V∞ 2 , there exists
Then by ǔ n − t n u n V∞ = o n (1), we have
The Lions Lemma implies that R 3 |ǔ n | t dx → 0 for any t ∈ (2, 6), or there exists z n ∈ R 3 with |z n | → ∞ such that u 1 n =ǔ n (. + z n ) ⇀ u 1 = 0 weakly in H. Thus, if R 3 |ǔ n | t dx → 0 for any t ∈ (2, 6), similar to the argument of 
, by ǔ n − t n u n V∞ → 0, we have β(ǔ n ) ∈ C i l ε for n large enough. Then by β(u 1 n ) = β(ǔ n ) − z n , we have
for n large enough. LetÂ = lim n→∞ R 3 |∇u 1 n | 2 dx. Define the functionalsÎ V∞ ,
Since u 1 n ⇀ u 1 = 0 weakly in H, by Lemma 2.5, we havê
The Brezis-Lieb Lemma in [35] implies that
Together with (3.18), we get γ
On the other hand, by Lemma 8.9 in [35] , we know for any ϕ ∈ H,
Similar to Lemma 8.1 in [35] , we obtain that for any ϕ ∈ H,
Together withĨ
, a contradiction with |β(u 1 n )| → ∞. So v n converges weakly(not strongly) to 0 in H. The Lions Lemma implies that R 3 |v n | t dx → 0 for any t ∈ (2, 6), or there exists z 1 n ∈ R 3 with |z
If lim n→∞ R 3 |∇v n | 2 dx = 0, by the Sobolev embedding theorem, we have lim n→∞ R 3 |v n | 6 dx = 0. Then by (3.24), we get v n V∞ → 0, a contradiction with v n converges weakly(not strongly) to 0 in H. So lim n→∞ R 3 |∇v n | 2 dx > 0.
By (3.25) and
weakly in H, by (3.26) and Lemma 2.5, we derive lim n→∞ÎV∞ (v
Since u n ⇀ u = 0 weakly in H ε , similar to Lemma 2.5, we getÎ ε (u) ≥ m ε and I ′ ε (u) = 0. Letũ n = u n − u. Similar to (3.18)-(3.23), we can derive from
We claimũ n → 0 in H ε . Otherwise,ũ n converges weakly(not strongly) to 0 in H ε . Define the functionalsÍ V∞ ,Ì V∞ on H bý
Similar to (3.15), we can derive from (3.27) that there existst n > 0 satisfying t n →t ≤ 1 and
Then similar to (3.6) and (3.8), we obtain that there exists {ú n } ⊂ H such that
The Lions Lemma implies that R 3 |ú n | t dx → 0 for any t ∈ (2, 6), or there existsź n ∈ R 3 with |ź n | → ∞ such thatú 1 n =ú n (. +ź n ) ⇀ú 1 = 0 weakly in H. If R 3 |ú n | t dx → 0 for any t ∈ (2, 6), similar to (3.24)-(3.25), we can derive from (3.28) that lim n→∞ÍV∞ (ú n ) ≥ĉ. So γ i ε >ĉ, a contradiction. Theń u 1 n =ú n (. +ź n ) ⇀ú 1 = 0 weakly in H with |ź n | → ∞. By (3.28),
Then by ú n −t nũn V∞ → 0, we obtain that Similar to the argument of (3.9)-(3.10), we can derive m V0 ≥ĉ, a contradiction with Lemma 2.2. Then by Fatou's Lemma and t i v i ∈ M ∞ with t i ≤ 1,
